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Abstract. In the present work, the uniaxial tensile tests of 3 pairs black phosphorene nan-
otubes are simulated by molecular dynamics finite element method with Stillinger-Weber
potential. Each pair contains an armchair black phosphorene nanotube and a zigzag
one, which have approximately equal diameters. Three armchair black phosphorene nan-
otubes, namely (0, 15), (0, 19) and (0, 21); and three zigzag black phosphorene nanotubes,
namely (20, 0), (26, 0) and (28, 0), are considered. We found that the Young’s modulus
of these tubes increases when their diameter increases. Their fracture stress and fracture
strain are also investigated.
Keywords: 2D material, atomistic simulation, phosphorene nanotube, mechanical proper-
ties.
1. INTRODUCTION
Two-dimensional (2D) black phosphorous, namely, back phosphorene or
α-phosphorene (α-P) has been recently synthesized [1–3]. α-P is a semiconductor with a
large direct band gap, see e.g. [4], and has potential applications in different fields such as
nanoelectronics, optoelectronics [2,4,5], gas sensors [6], and Li-ion batteries [7,8]. There-
fore, the mechanical properties of α-P nanostructures need to be studied. A α-P nanotube
can be constructed by rolling up a α-P monolayer along the armchair and zigzag direction
(see Fig. 1).
Chen et al. [9] performed molecular dynamics (MD) simulations with compass force
field and showed that Young’s modulus of both armchair and zigzag α-P nanotubes could
increase with the tube length and diameter. Density functional theory (DFT)-tight bind-
ing calculations by Sorkin et al. [10] showed that fracture stress and Young’s modulus of
armchair α-P nanotubes are larger than those of zigzag α-P ones. Ansari et al. [11] used
beam elements with harmonic potential to model bonds and revealed that phosphorene
nanotubes with larger diameter have larger Young’s modulus. However, limitations of
c© 2018 Vietnam Academy of Science and Technology
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relations of -P sheet under uniaxial tension were previously investigated [14]. It is shown that the 
Young’s moduli, fracture strength and strain slowly decrease with increasing in temperature [14, 15]. 
In addition, the mechanical properties of -P sheet have been investigated by DFT calculations [16, 
17] and MD simulations [18]. 
                       
             
             
            
                             a)                                                                         b) 
Fig. 1 Schematic illustration of: a) armchair -P nanotube; b) zigzag -P nanotube 
 In the present work, the uniaxial tensile tests of 3 pairs of -P nanotubes are simulated by 
molecular dynamics finite element method (MDFEM) with Stillinger-Weber potential. Each pair 
contains an armchair -P nanotube and a zigzag one, which have approximately equaled diameters. 
The present method is of course more reliable than finite element analysis with beam elements [11] as 
above-mentioned. Our method allows predicting the mechanical properties up to fracture that could 
not be considered in [9, 11]. 
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Fig. 1. Schematic illustration of: a) armchair α-P nanotube; b) zigzag α-P nanotube
beam mod ls are clear since bond b tw en 2 neighbor at ms is always str it and never
bent. Further lim ations of the beam models have been d scussed in [12]. I should be
oted that fracture of α-P nanotubes cannot b studied by the c mp ss force fi l , which
was used in [9], and by the ha monic force field, which was used in [11], becau e the
bond en rgy computed from the compass or harmo force field becomes infinite when
ond ext nsio tends to the infinite.
Wei et al. [13] reported that a phosphorene sheet can withstand tensile strain up
to 27% and 30% in the zigzag and armchair directions, respectively. The temperature-
dependent stress-strain relations of α-P sheet under uniaxial tension were previously in-
vestigated [14]. It is shown that the Young’s moduli, fracture strength and strain slowly
decrease with increasing in temperature [14, 15]. In addition, the mechanical properties
of α-P sheet have been investigated by DFT calculations [16,17] and MD simulations [18].
In the present work, the uniaxial tensile tests of 3 pairs of α-P nanotubes are sim-
ulated by molecular dynamics finite element method (MDFEM) with Stillinger–Weber
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potential. Each pair contains an armchair α-P nanotube and a zigzag one, which have
approximately equaled diameters. The present method is of course more reliable than
finite element analysis with beam elements [11] as above-mentioned. Our method allows
predicting the mechanical properties up to fracture that could not be considered in [9,11].
2. FRAMEWORK FOR ANALYSIS
In this work, Stillinger–Weber potential is used to model the interatomic interactions
[19]. The potential energy E of the atomic structure is the sum of the bond stretching
energy Er and bond angle bending energy Eθ
E = Er + Eθ , (1)
Er =
M
∑
e=1
V2 , Eθ =
N
∑
e=1
V3 , (2)
V2 = Ae
[
ρ
/
(rij−rmax ij)
] (
B
/
r4ij − 1
)
, (3)
V3 = Ke
[
ρij
/
(rij−rmax ij)+ρik/(rik−rmax ik)
] (
cos θijk − cos θ0
)2 , (4)
where V2 corresponds to the bond-stretching and V3 associates with the angle-bending.
Potential parameters are available in [19] for P-P interaction.
DFT calculations and MD simulations are time-consuming. Molecular dynamics fi-
nite element methods (or atomic-scale finite element methods or atomistic finite element
methods) have been developed to analyze nanostructured materials, see e.g. [20, 21].
Please refer to [20, 21] for further detailed procedure and advantages of this method. We
have used MDFEM to analyze the mechanical properties of various hexagonal sheets,
see e.g. [22–24]. MDFEM with Stillinger–Weber potential was implemented in our pre-
vious work [24] for phosphorene. We use here MDFEM with Stillinger–Weber potential
to simulate the uniaxial tension of α-P nanotubes. The three armchair α-P nanotubes
which have (0, 15); (0, 19) and (0, 21) configurations with diameter from 21.706 A˚ to
29.977 A˚, respectively are studied. The three zigzag α-P nanotubes which have (20, 0),
(26, 0) and (28, 0) with diameter from 21.814 A˚ to 29.881 A˚, respectively are considered.
The length-diameter ratios L/D of all tubes are 10. The geometric parameters of α-P are
taken from [25]. σ and ε denote the nominal axial stress (engineering stress) and nominal
axial strain (engineering strain), respectively. t is the tube’s thickness. Young’s modulus
Y is determined from the first derivative of the stress-strain curve at ε = 0.
3. RESULTS AND DISCUSSION
Fig. 2 shows the uniaxial tensile stress-strain curves of armchair and zigzag α-P nan-
otubes. At a given axial strain, the axial tensile stress of the armchair phosphorene nan-
otube is always higher than that of the corresponding zigzag one. The axial tensile stress
increases monotonously with an increase of the axial tensile strain up to a peak value,
then the axial tensile stress drops suddenly for all tubes as shown in Fig. 2. This phenom-
enon demonstrates a brittle fracture. Hence, maximal axial stress and strain at maximal
stress refer to fracture stress and fracture strain, respectively. These results are in good
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agreement with those from DFT-tight binding calculations by Sorkin et al. [10]. Our re-
sults of Young’s modulus, fracture stress, fracture strain and Poisson’s ratio of armchair
and zigzag α-P nanotubes are shown in Tabs. 1 and 2. Our results reveal that the fracture
stress increases slightly when the tube diameter increases. In addition, the fracture strain
decreases slightly from 16.5% to 16.1% when the tube diameter increases. These find-
ings about the tendency of fracture stress of all tubes and fracture strain of armchair α-P
nanotube agree well with those from DFT-tight binding calculations by Sorkin et al. [10].
However, our study shows that the fracture strain of zigzag α-P nanotubes increases from
18.7% to 26.0% with an increase of the tube diameter, while Sorkin et al. [10] showed an
inverse tendency. This disagreement could be due to the differences in computational
methods and boundary setup.
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In general, when the tube diameter increases, the fracture strain of -P nanotubes approaches 
that of phosphorene sheet (16% and 28% in the zigzag and armchair direction, respectively [14]) 
because the sheet can be considered as a tube with its infinite diameter. 
 
Fig. 2 The stress-strain curves of armchair and zigzag -P nanotubes under uniaxial tension.  
 
Table 1. The mechanical properties of armchair -P nanotubes by MDFEM. 
Armchair -P 
tube 
Young’s modulus 
Yt, N/m 
Maximal stress 
t, N/m 
Strain at maximal 
stress, % 
Poisson’s ratio 
(0, 15) 53.88 3.784 16.5 0.0324 
(0, 19) 54.74 3.838 16.2 0.0336 
(0, 21) 55.06 3.858 16.1 0.0436 
Table 2. The mechanical properties of zigzag -P nanotube by MDFEM. 
Zigzag -P 
tube 
Young’s modulus 
Yt, N/m 
Maximal stress t, 
N/m 
Strain at maximal 
stress, % 
Poisson’s ratio 
(20, 0) 10.65 1.378 18.7 0.0483 
(26, 0) 11.72 1.701 24.0 0.0410 
(28, 0) 11.96 1.756 26.0 0.0385 
Fig. 2. The stress-strain curves of armchair and zigzag α-P nanotubes under uniaxial tension
Table 1. The mechanical properties of armchair α-P nanotubes by MDFEM
Armchair Young’s modulus Maximal stress Strain at maximal Poisson’s ratio
α-P tube Yt, N/m σt, N/m stress, %
(0, 15) 53.88 3.784 16.5 0.0324
(0, 19) 54.74 3.838 16.2 0.0336
(0, 21) 55.06 3.858 16.1 0.0436
Table 2. The mechanical properties of zigzag α-P nanotube by MDFEM
Zigzag Young’s modulus Maximal stress Strain at maximal Poisson’s ratio
α-P tube Yt, N/m σt, N/m stress, %
(20, 0) 10.65 1.378 18.7 0.0483
(26, 0) 11.72 1.701 24.0 0.0410
(28, 0) 11.96 1.756 26.0 0.0385
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In general, when the tube diameter increases, the fracture strain of α-P nanotubes
approaches that of phosphorene sheet (16% and 28% in the zigzag and armchair direction,
respectively [14]) because the sheet can be considered as a tube with its infinite diameter.
Figs. 3 and 4 show the variations of the Young’s modulus of armchair and zigzag
α-P nanotubes versus their diameter. The results show that Young’s modulus increases
monotonously with an increase of the tube diameter. This issue has been observed in MD
simulations by Chen et al. [9] and in DFT-tight binding calculations by Sorkin et al. [10].
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Fig. 3 and 4 show the variations of the Young’s modulus of armchair and zigzag -P nanotubes 
versus their diameter. The results show that Young’s modulus increases monotonously with an 
increase of the tube diameter. This issue has been observed in MD simulations by Chen et al. [9] and 
in DFT-tight binding calculations by Sorkin et al. [10].  
 
Fig 3. The variations of the Young’s modulus of armchair -P nanotubes versus the tube diameter. 
 Fig. 3. The variations of the Young’s modulus
of armchair α-P nanotubes versus
the tube diameter
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Fig. 4 The variations of the Young’s modulus of zigzag -P nanotubes versus the tube diameter. 
4. CONCLUSIONS  
The uniaxial tensile properties of 3 pairs of -P nanotubes are considered by MDFEM with 
Stillinger - Weber potential. Their Young’s modulus and fracture stress increase when their diameter 
increases. Young’s modulus of armchair phosphorene nanotube is larger than that of the corresponding 
zigzag one. Further studies should be conducted for a better comprehension of the mechanical 
properties of -P nanotubes. For example, the effects of missing atoms on their mechanical properties 
should be included in the simulation, and the range of the studied tubes (their diameters) should be 
larger to obtain a more general conclusion. Such issues are subjects of our future work.  
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